This paper considers properties of nonlinear waves and solitons of Korteweg-de Vries equation in the presence of external perturbation. Basing on a method of stochastic destruction of separatrix, we obtain the criterion for stochasticity for such the waves. It shows that under any excitation nonlinear waves and solitons acquire the property of stirring and thereby become stochastically unstable. For particular form of perturbation we consider the fine structure of stochastic layer with regards to nonresonant terms. Obtained theoretical results find experimental confirmation in experiments with the propagation of ion-acoustic waves in plasma.
Introduction
It is well known that steepening of Korteweg-de Vries (the KdV hereafter) waves because of nonlinearity can be balanced by dissipation, and this leads to the appearance of nonlinear stationary waves propagating in a media with constant velocity and without changes in their form. Solitons which are the particular case of such the waves have given anyone confidence in their stability for a long time without any theoretical confirmation. Later there were made some very important works for accomplishment of this. A. Jeffrey and T. Kakutani [1] considered the stability of KdV solitons from positions of Lyapunov's direct method. Their result was that solitons are stable in Lyapunov sense. In a year T.B. Benjamin [2] showed that their analysis was not a completed proof of the stability of solitons and accomplished it on the base of invariance with time of two nonlinear functionals first introduced by Miura, Gardner, Kruskal. The conclusion he reached was that if initial perturbations of a given solitary wave are small enough, then the evolving solution will remain close in shape to the given wave. The only drawback of these and many other works we see in the fact that infinitesimal perturbation was added not to an equation but to its solution. This led to examining the stability properties in the mathematical meaning without physical background. An exception is the work [3] , but it considers statistical properties of KdV solitons under beforehand random external noise.
We add deterministic perturbation to the KdV equation and study physical consequences of this. The idea of a consideration consists in representation of nonlinear waves and solitons on the phase plane, thereby reducing the problem to the analysis of properties of phase curves. Separatrix corresponding to soliton solution possesses a qualified instability which is manifested in a formation in a vicinity of separatrix a stochastic layer in which system is developing with the stirring. We are interested exactly in stochastic peculiarities of solitons and long-period nonlinear waves whose phase curves are close to separatrix. Results we obtain are as follows: solitons and nonlinear waves prove to be stochastically unstable what means that in a small distance from the peak of solitons and long-period waves there must be a region with a stochastic dynamics in which these waves become unstable and acquire random tail. This tail will manifest itself in small random deviations from smooth wave front. This conclusion is confirmed in an experiment with ion-acoustic waves in plasma which was carried by H. Ikezi [4] , who observed a weak splash before soliton peak.
The outline of this paper is as follows. In next section we reduce KdV equation to ODE and consider solutions of the latter. In Section 3 we introduce canonically-conjugated variables action -angle and obtain general expressions for the criterion of stochasticity. After that in Section 4 we evaluate the criterion of stochasticity for KdV waves. Section 5 contains the conclusions and summary of obtained results. Appendix describes the fine structure of a stochastic layer around a separatrix with respect to nonresonant terms.
Stationary waves. Nonlinear oscillator
Let's consider perturbed KdV equation, taken in the following form:
where ξ and t denote, respectively, a one-dimensional space coordinate and time; U(ξ, t) is supposed to be differentiable with respect to ξ and t infinite number of times (it represents physical quantity whose meaning depends on the problem considered); V (U, U t , U ξ , ξ − ct) is an external perturbation, and ε ≪ 1 -small dimensionless parameter. Searching for a solution of equation (1) in the form of a nonlinear stationary wave U(ξ, t) = f (ξ − ct) we obtain following ODE for the function f (η), where η = ξ − ct ( prime means differentiation on η ):
where
if to change in the latter U and all it derivatives on f and derivatives from f , and to change (ξ − ct) on η. Integrating equation (2), one obtains:
Integration constant here is assumed to be equal to zero because substitute f = f + f 0 , c = c + f 0 reduces this equation to the form:
right-hand part of which can be turned into zero with an appropriate choice of f 0 ( due to the arbitrariness of perturbation we renamed F (f, f ′ , η) after introduced substitute as F ( f , f ′ , η) ). Equation (3) without perturbation ( ε = 0 ) is analogous to the equation of motion:
which describes the dynamics of a nonlinear oscillator -a particle of mass β moving in a potential field
Full mechanical energy of this oscillator is equal to
where p = βẋ is a momentum of a point ( in further consideration we will use the symbol of Hamiltonian H instead of full energy E everywhere where it doesn't lead to misunderstanding ).
c 3 , what corresponds to a bottom of a potential pit, then phase curve shrinks into a point. In the case − 2 3 c 3 < H < 0 we shall have closed curves representing cnoidal waves:
where dn is an elliptic Jacobi function with modulus κ =
, and x 3 , x 1 , x 2 are three successive real roots of the following equation:
Under H = 0 we obtain a separatrix which corresponds to a solitary wave solution:
where ∆ = 4β c . Finally, if H > 0, we'll have phase curves, which describe physically meaningless solutions.
Nonlinear resonance
Let's transit from variables (x, p) to canonical pair action -angle on standard formulas (I -action, θ -angle):
where S(x, I) is a reduced action, playing in this case the role of generating function. Let's write the Hamiltonian of a perturbed motion in the form:
where H 0 (I) is a Hamiltonian of a nonperturbed motion from (6) . There won't be a confuse between V in formulas (1) and (11) because it's clear, that they are connected with the following chain of transformations: (2), (4), (10). Supposing perturbation V to be periodical on time with frequency ν and taking into consideration the fact that nonperturbed motion is integrable, let's expand the perturbation into double Fourier series:
The last equation of system (12) is a condition of reality of V . From (11) and (12) we obtain the equations of motion in variables (I, θ):
is a frequency of a nonperturbed motion. Let for some m, n and I 0 there is executed a resonant condition:
Then in a vicinity of this resonance we have:
where V mn (I) = |V mn (I)| exp(iϕ) and Ψ = mθ − nνt + ϕ. Let's admit following approximations:
As it is shown in [5] the basis of these suppositions is an inequality of a moderate nonlinearity:
is a parameter of nonlinearity. Introducing notation ∆I = I − I 0 , one obtains:
Obviously, this system is canonical for a Hamiltonian:
The width of a resonance on action can be found from an expression for H under Ψ = 0 and Ψ = π:
. The width of a resonance on frequency is equal
Let's rename as I m,n the value of action I, under which the exact condition of a resonance (14) appears (I m,n ≡ I 0 ):
Nearest to (22) resonances can be obtained from conditions:
Distance between adjacent resonances can be found on the formula:
where α = 0, 1; β = 0, 1. For the case (23) we have:
In the case (24) one obtains:
Eventually, in the case (25) we obtain:
The condition of stochasticity which means an appearance of stirring we'll write as a Chirikov criterion for the intersection of resonances [5] , [6] :
where ∆ω is the minimal possible value of ∆ω αβ . Substituting (21), (27)-(29) into (30) we obtain following three conditions:
Stochasticity of Korteweg -de Vries waves
To apply results which we got in previous section to the system governed by KdV equation, one must first evaluate for this system exact expressions for ω and ω ′ which appear in the conditions (31). The frequency ω we'll find in the following way:
where x 
Taking into consideration this and
we eventually obtain following expressions for ω and ω ′ :
and
Here K(x) is a full elliptic integral of a first kind, F (a, b, y, z) is a hypergeometric function, and z ≡ . Substituting (36) and (37) into (31), we make sure that with approach to separatrix K → ∞ under arbitrary small ε. This means that for any external perturbation however small it is, Chirikov criterion is executed starting with some energies, and this leads to the formation of a corresponding stochastic layer. The border of stochasticity can be found approximately from the condition K ≈ 1. The region of stochastic description on energy is defined by the inequality:
where the value of ϕ min is defined by the correlation:
in which z min = 
Summary and conclusions
The main result inferred from (38) is the following: under any ε and ν in a vicinity of a separatrix there appears a stochastic layer -a region, in which system is leading a motion with stirring. In this region get in a group of cnoidal waves with energy higher than the level (38) and solitons. This means that we can affirm a phenomenon of a stochastic instability of solitons and long-period waves with respect to any initial perturbation of a system. This instability must be manifested in a random tail of all these waves. To explain this let's consider a region of a discovery the stochasticity on time, which for a nonlinear oscillator has the form: τ c ≪ t, where τ c is a time of the decay of correlations. In work [7] it is shown that there is a following estimation of τ c for a nonlinear oscillator:
where K is a coefficient of an intersection of resonances which we obtained in the previous section. As far as "time " for a nonlinear oscillator corresponds to the expression (ξ − ct) for nonlinear waves, then the region of a discovery of stochasticity for these waves is:
and represents by itself some wave formation which on the one hand outstrips nonlinear wave or soliton, and on the other hand is propagating in the same direction with the same velocity. Under t = 0 we obtain:
As far as with approach to a separatrix K → ∞, so for solitons the minimal distance on which we should expect an appearance of stochasticity ξ c → 0, and this effect will realize itself in a close vicinity of a soliton peak. The stochasticity, which we are searching for, will be manifested in the random small deflection from a smooth initial soliton profile. This conclusion can be inferred from the following reasons: the dynamics of values U, U t and U ξ is expressed through the dynamics of variables I and θ because of their direct connection ( see formulas (1), (3), (10), (13) ). As far as angle coordinate θ acquires stochastic dynamics with time, it leads to the becoming U a random function of (ξ − ct). So, as a main result of this work, it can be stated that long-period nonlinear waves and especially solitons own certain, namely stochastic instability to small external perturbations. Right this result was observed in an experiment with ion-acoustic and Langmuir waves in a nonmagnetized plasma [4] . There was registered "a faint splash in front of a soliton". From the positions developed in this paper we can explain this phenomenon as an influence of waves, produced together with solitons because of the natural imperfection of a generator, treated as a small external perturbation.
we can explicitly distinguish a resonant term:
(A. 4) In the vicinity of this resonance, neglecting nonresonant terms, we obtain the reduced system with the properties described in Section 2. As it was mentioned, the ground of this simplification is in the inequality of a moderate nonlinearity. But with approach to a separatrix, a parameter of nonlinearity α is unlimitly increasing, thereby violating this inequality starting with some values of energy. This means, that in a close vicinity of a separatrix a neglect an influence of a non-resonant terms will be incorrect. But we already know that any periodical on time external perturbation leads to the formation around separatrix a layer with stochastic dynamics. So, considering nonresonant terms as a small perturbation acting on a system (A.2), we can affirm a formation near separatrix an additional stochastic layer produced by non-resonant terms. Expanding this conclusion on all harmonics on t and θ, we can infer that in a vicinity of a separatrix we have a fine structure of stochastic layers produced by different non-resonant terms.
